Abstract. The parameter-induced fractal erosion of the safe basin is investigated in a softening Duffing system. For a fixed excitation, we make the linear stiffness, the nonlinear stiffness and the damping coefficient as the control parameter. At first, the necessary condition for the fractal erosion of the safe basin is obtained by the Melnikov method. Then, the analytical predications are verified by the numerical simulations. With the variation of the stiffness or the damping coefficient, the fractal erosion of the safe basin will appear or vanish. Both the linear and the nonlinear stiffness influence the topology of the safe basin. With the increase of the linear stiffness, the fractal erosion of the safe basin will appear at first and then disappear gradually. The area of the safe basin is an increasing function of the linear stiffness. With the increase of the nonlinear stiffness, the fractal erosion of the safe basin appears and the area of the safe basin turns smaller. The topology of the safe basin is independent of the damping coefficient. For small damping coefficient, the fractal erosion of the safe basin occurs much more easily. The damping coefficient suppresses the fractal erosion of the safe basin.
Introduction
In engineering fields, great deals of interests have been devoted to the study of the engineering failures. For a safe structure, the response must be confined in a bounded space when the structure under a small perturbation. To this end, a definition named safe basin is originally proposed and explained by Thompson in the ship structure that under the lateral wave excitation at sea [1] [2] [3] . We give a big enough space region and let all initial conditions in this region. If the response of the structure cannot escape the region undergo a long time, the defined region is considered as a perfect safe basin. Instead, the region corresponds to the initial conditions is a corrosive safe basin. The erosion of the safe basin means the sensitive of the response to the initial condition. It is in accord with the chaos phenomenon. In other words, when the erosion of the safe basin occurs, the response of the structure is chaos. The Melnikov method is an effective tool to obtain the threshold for the chaos [4] . Therefore, the threshold for the erosion of the safe basin can also be obtained by the Melnikov integral. Usually, the corrosive safe basin has the fractal structure. Hence, the fractal erosion of the safe basin occurs when the perturbation exceeds the threshold. Freitas et al. studied the erosion of the safe basin for the transversal oscillations of a suspension bridge, and they found that the bridge will collapse if its deformation exceeds some threshold [5] . Gonçalves et al. investigated the global stability analysis of parametrically excited cylindrical shells through the evolution of basin boundaries [6] . Xu et al. used the time-dependent excitation to control the extent and the rate of the safe basin erosion [7] . The fractal erosion of the safe basin can also be effectively controlled by different kinds of time delayed feedback [8] [9] [10] [11] . If the system is perturbed by random excitation, the stochastic Melnikov method should be applied to obtain the threshold for chaos [12] [13] [14] [15] [16] . Based on this mechanism, the fractal erosion of the safe basin is investigated when the structure is excited by different kinds of random perturbations [17] [18] [19] [20] [21] . General speaking, the random perturbation usually make the threshold turn small.
To our knowledge, most of the works about the fractal erosion of the safe basin are investigated in a structure that the system parameters are invariable. In other words, the damping coefficient and the stiffness coefficient are constants. The former researches are focused on the effect of the perturbation on the fractal erosion of the safe basin. In most case, the frequency of the perturbation suppresses the fractal erosion of the safe basin, while the amplitude of the perturbation enhances it. However, besides the perturbations, the system parameters are other important factors for the dynamical behaviors. A typical example is the parameter-induced stochastic resonance. One hand, for some stochastic systems, the random excitation can induce stochastic resonance when the noise amplitude is varied [22] . On the other hand, for the fixed noise case, the stochastic resonance can also be appearance when the system parameter is made as a control variable, and this phenomenon named parameter-induced stochastic resonance [23, 24] . In this paper, we would like to make clear a similar problem. Is there the parameter-induced fractal erosion of the safe basin existing in some structures? If so, what are the effects of different parameters on the fractal erosion of the safe basin? In view of this, we consider the problem in a softening Duffing oscillator. The softening oscillator is a typical differential equation that can describe many physical models. The outline of the paper is organized as follows. In Section 2, we give the mathematical model that will be studied. Then, we obtain the necessary condition for the fractal erosion of the safe basin. In Section 3, the analytical predications are verified by the numerical simulations. The effects of the linear stiffness, the nonlinear stiffness and the damping coefficient on the condition of the fractal erosion of the safe basin are investigated. Finally, a conclusion about the parameter-induced fractal erosion of the safe basin will be given in the last section.
Melnikov condition for fractal erosion of safe basin
We consider a kind of softening Duffing oscillator which subjected to a harmonica excitation, namely:
In Eq. (1), is a small positive parameter. Other positive parameters and are linear and nonlinear stiffness respectively. The coefficient is the damping parameter. and are the amplitude and frequency of the excitation signal.
In order to obtain the necessary condition for the appearance of a fractal basin boundary, the Melnikov method is applied. For the unperturbed case (i.e., = 0), system Eq. (1) can be rewritten as:
The Hamilton of the unperturbed system is:
and there are one center (0, 0) and two saddle points ± ⁄ , 0 . Since the Hamilton is conserved, any level curve = constant is a solution of the Eq. (2). It is easy to obtain the system possesses a heteroclinic orbit to two saddle points ± ⁄ , 0 , which is given by:
Using the method of residues, the Melnikov integral corresponds to system Eq. (1) is:
According to the dynamic theory, the stable and unstable manifolds will intersect transversely with each other when there are simple zeros in the Melnikov integral, which leads to the fractal erosion of the safe basin. Hence, the necessary condition for the fractal erosion of the safe basin is given by:
Parameter-induced fractal erosion of the safe basin
In this section, numerical simulations are conducted to verify the analytical prediction of the necessary condition for the fractal erosion of the safe basin. Throughout this paper, the initial condition lies in a big space region, i.e., 0 = -3:0.01:3, 0 = -3:0.01:3. The total time is long enough. In the following numerical calculations, we let = 10000 and = 0.1.
The linear stiffness induced fractal erosion of the safe basin
, according to the condition in Eq. (6), the response is chaos when > 0. The safe basin presents fractal erosion for this case. In Fig. 1 , the chaos region is given on the -plane. In this figure, 0.2321 < < 4.0095 is the chaos region, and the fractal erosion of the safe basin will appear when the parameter lies in this region. For all other values of , the safe basin will be a whole one without erosion. The critical values 0.2321 and 4.0095 are two bifurcation points for the fractal erosion of the safe basin. With the increase of the linear stiffness , the evolution of the safe basin will be shown in the "no erosion → erosion → no erosion" form. In order to verify the validity of the analytical predication, the fractal erosion of the safe basin of system Eq. (1) under increasing the parameter is given in Fig. 2 . The black points are the safe initial conditions. When = 0.1, as is shown in Fig. 2(a) , the safe basin is a complete attraction basin although its area is very small. There is no erosion in the safe basin for this case. It is according with the conclusion in Fig. 1(b) . In Fig. 2 (b)-2(k), when changes from 0.3 to 4, the evolution of the safe basin presents fractal erosion. In Fig. 2(l) , for the case = 5, the erosion of the safe basin vanishes. Another important result is the area of the safe basin depends on the parameter closely. With the increase of the parameter , the area of the safe basin turns larger gradually. Through simulation of the safe basin, the analytical predication for the fractal erosion of the safe basin is verified. 
The nonlinear stiffness induced fractal erosion of the safe basin
The chaos region versus the nonlinear stiffness is given in Fig. 3 . With the increase of the parameter , the chaos region appears. The bifurcation point for the fractal erosion of the safe basin is = 0.4143. When > 0.4143, the safe basin present fractal boundary. In Fig. 4 , the fractal erosion of the safe basin induced by the parameter is clearly shown. In Fig. 4(a) and 4(b) , there is no fractal erosion in the boundary of the safe basin. It is accord with the safe region in Fig. 3 . In Fig. 4(c)-4(i) , with the increase of the parameter , the degree of the fractal erosion of the safe basin increase too. Another important fact is that the safe basin turns smaller and smaller with the increase of the parameter . Hence, the effect of the nonlinear stiffness on the safe basin is contrary to the effect of the linear stiffness on the safe basin.
The damping coefficient induced fractal erosion of the safe basin
In this subsection, we investigate the fractal erosion of the safe basin that induced by the damping coefficient. In Fig. 5 , the chaos region in the -plane is given. The bifurcation point for the fractal boundary is 1.5537. When < 1.5537, the safe basin presents fractal erosion. Otherwise, the safe basin is in a whole form. The variable is a linear function of the damping coefficient . This fact can also be obtained from Eq. (6). However, in Fig. 1 and Fig. 3 , is a nonlinear function of the variable and . In Fig. 6 , the effect of the damping coefficient on the evolution of the safe basin is shown. In Fig. 6(a)-6(g) , the safe basin presents fractal boundary. The value of the coefficient in these subplots corresponds to the chaos region in Fig. 5 . Also in these subplots, with the increase of the damping parameter, the degree of the fractal erosion of the safe basin turns slighter, and the boundary of the safe basin turns smoother and smoother. In Fig. 6 (h) and 6(i), there is no erosion in the safe basin. For these two cases, the coefficient lies in the safe region in Fig. 5 . Another important fact is that the topology of the safe basin is independent of the coefficient . It is very different from the effects of the parameter and on the topology of the safe basin.
Conclusion
In the present paper, the fractal erosion of the safe basin in a typical softening Duffing oscillator is investigated. Different from the former literatures, we focus on the fractal erosion of the safe basin induced by the parameter, i.e., the linear stiffness, the nonlinear stiffness and the damping coefficient. At first, based on the Melnikov approach, we obtain the necessary condition for the fractal erosion of the safe basin. Then, some numerical simulations of the safe basin are conducted to verify the analytical predications. The numerical results are in good agreement with the analytical predications. For the parameter-induced fractal erosion of the safe basin, the effects of the linear stiffness, the nonlinear stiffness, and the damping coefficient on the safe basin are very different. With the increase of the linear stiffness, the fractal erosion of the safe basin will appear at first and then vanish gradually. The area of the safe basin turns larger with the increase of the linear stiffness. With the increase of the nonlinear stiffness, the degree of the fractal erosion of the safe basin increase and the area of the safe basin turns small. The damping coefficient is independent of the topology of the safe basin, but it suppresses the fractal erosion of the safe basin.
Instead of the excitation induced fractal erosion in the safe basin, we give a new factor that can also induce the fractal erosion in the safe basin, i.e., the parameter-induced fractal erosion in the safe basin. The results in this paper contribute to a better understanding of the fractal erosion of the safe basin in the engineering structure. Moreover, the results are significance in the engineering applications, especially in the field of the vibration engineering. On the one hand, in the analysis of a nonlinear vibration system, the system parameters must be considered in the viewpoint of avoiding the dangerous induced by the fractal erosion of the safe basin. On the other hand, for designing a nonlinear vibration system, if we choose traditional methods, we may only consider the response amplitude under the harmonica excitation in the periodic or quasi-periodic viewpoint and ignore the fractal erosion of the safe basin. Even though the response of the system is stable in the traditional viewpoint, it may be unstable due to the existence of the fractal erosion of the safe basin. In the system design process, we need to consider to preventing the fractal erosion of the safe basin and enhancing the stability of the system by adjusting the system parameters according to the results in this paper. Then, the probability of the safety of the system is improved. Apparently, the rules of the parameters on the fractal erosion of the safe basin have reference value on the design of a nonlinear vibration system.
